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1. Introduction

As seeking exact solutions of nonlinear physics equations is important and interesting, many powerful methods have
been presented. Among these are Hirota's bilinear methods [ 1], the inverse scattering transform [1], Painlevé expansions [2],
homogeneous balance method [3,4], tanh method [5,6], extended tanh method [7,8], modified extended tanh method [9],
sine—cosine method [10-12], factorization method [13], and so on. It well known that many nonlinear evolution equations
have been shown to possess periodic solutions. Recently, some methods have been presented for seeking periodic solutions,
such as the F-expansion method [14,15]. The F-expansion method was later extended in different manners [ 16-18]. More
recently, there has been available a new algebraic method for seeking exact solitary wave solutions of NLPDEs, which can
be expressed as polynomials in an element that satisfies a more general ordinary differential equation such as the Riccati
equation [19] (wg = bo+w?), the first-kind elliptic equation [20] (w} = bo+byw?+bsw*), the general elliptic equation [21]
(w§ = bg + blw + b2w2 + b3w3 + b4w4), etc.

In Ref. [22] Huber used the solutions of (w = b+ byw +byw? 4+ bsw? +bsw*) in terms of Weierstrass elliptic functions;
this thus led to the calculation of a new class of solutions. Also, we know that the Weierstrass elliptic function can be written
in terms of the Jacobi elliptic function, and the hyperbolic and trigonometric functions are just special cases of Jacobi elliptic
functions under certain conditions.

In this paper, we will attempt to develop an algorithm in terms of the Weierstrass elliptic function g (&; g2, g3) [22] in
order to seek for doubly periodic solutions of new types for nonlinear wave equations in mathematical physics. The method
is simply called the generalized Weierstrass elliptic function expansion method and may be performed using a computer
with the aid of symbolic computation. Moreover, we have applied it to some nonlinear wave equations. Here we will choose
seven nonlinear wave equations to illustrate the algorithm. The results obtained show that the algorithm is more powerful
for seeking doubly periodic solutions of nonlinear wave equations.
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Also, by using a simple transformation, we have shown that the Korteweg-de Vries (KdV) equation, the (3 + 1)-
dimensional Kadomtsev-Petviashvili (KP) equation, the (2 4+ 1)-dimensional Boussinesq equation, the modified KdV equa-
tion, the (2 + 1)-dimensional modified KP equation, the nonlinear wave equation, the generalized Davey-Stewartson (GDS)
equations, the Davey-Stewartson (DS) equations, and the generalized Zakharov (GZ) equations can be reduced to one of the
following equations:

(&) + hu(§) + hou*(§) = 0 (1.1)

or

u"(€) + kyu(§) + ksu’(§) = 0 (1.2)

where hq, hy, k1, k3 are arbitrary constants.

The paper is organized as follows: In Section 2, first we briefly give the steps of the method. In Sections 3 and 4, we apply
the method to solve Eqs. (1.1) and (1.2). In Section 5, by using the results obtained in Sections 3 and 4, the correspond-
ing solutions of the KdV equation, (3 4+ 1)-dimensional KP equation, (2 + 1)-dimensional Boussinesq equation, modified
KdV equation, (2 4+ 1)-dimensional modified KP equation, nonlinear wave equation, GDS equations, DS equations, and GZ
equations are obtained.

2. Method and its algorithm

The main idea of this method is to use the solutions w (&) which satisfy the first-order equation

w'(§) = VPwi(E) + Qui(€) + R, (2.1)
where w’ = d“’ ,E =£&(x,y,z,t)and P, Q, Rare real parameters. The solutions w(£) can be expressed using the Weierstrass
elliptic functlon ©(&; g2, g3) satisfying a nonlinear ordinary differential equation

2
(&) =4p(E)’ —2pE) — g, (2.2)
where g,, g3 are real parameters, called invariants [23,24], which has another equivalent form:
, 1
) =6p®)" - -, (2.3)
and we know that Eq. (2.1) possesses the following solution:
Q
wi(§) = & 8,8) — - (24)
©) - (25)
w = | —, .
’ 3p(E: 8. 83) — Q
where
4Q% — 12RP 4Q(9PR — 2Q?)
& 3 and g3 27 (2.6)
12Rp (£: 25, 2R(2Q +D
ws(E) = ;& gs) + 2R(2Q + 1,2)’ (2.7)
120(&; 82, 83) + D12
where
—5Q +/9Q2 — 36RP
D1 = )
2
1
g = —7(5QD1> +4Q” + 33PQR), (28)
g3 = _ﬁ( 21Q2 Dy, — 2003 + 63RPD; ; + 27PQR).
6VRp(£; 82, 83) + QVR
wa(§) = =2 : (2.9)
3p'(5:82.83)
3[ ©'(§: 82, 83)
ws(§) = (2.10)

60(55 82,83 +Q°
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where
_ ! (Q% + 12RP) _ ! (36RQP — Q2) (2.11)
£2=7 87556 : :
B . 83)
we(§) = ) (2.12)
3p(; 82,83 +Q
where
5Q? 2Q? Q3
R= 2= == - = 2.13
p° 2T 9 87 5 (2.13)
For a given PDE with u(x, y, z, t) in four independent variables x, y, z, t,
H(u, ug, Uy, Uy, Uz, Uyy, Uxp, Uyy, ...) =0, (2.14)

the travelling wave solution, u(x, y, z, t) = u(§), &€ = ax+ By + yz — At, reduces (2.14) to a nonlinear ordinary differential
equation

Gu,u',u”,..)=0. (2.15)

Here the prime denotes d/d&. We assume that solutions of Eq. (2.15) can be expressed in the form

u=ao+ Y aw') +bw () + T Ew'E) + dw Ew (&), (2.16)
i=1

where n #£ 0, ag, a;, b;, ¢;, d; are parameters to be determined later.

To determine n, we define a polynomial degree function as D[u] = n, and thus we have D[%] =n+s, D[u“ (%)y] =
no + y(n + s). Therefore we can determine n in (2.16) by balancing the highest degree linear term and nonlinear terms in
(2.14) or (2.15). Note that if n = 0, then the method does not work.

The process requires the following steps:

Step 1. Determine n in Eq. (2.16) by balancing the linear term of highest order with the nonlinear term in Eq. (2.15). (Ifn # 0
is not a positive integer, then we firstly make the transformation u = v", and then we carry out this step again.)

Step 2. Substitute (2.16) with the known parameter n into the left side of the obtained ODE (2.15) along with (2.1), and
get an expression. And then take the numerator of the expression to get a polynomial equation for ww/ (i = 0,1;j =
0, 1,2, 3,...).Set to zero the coefficients of the polynomial obtained to get a set of algebraic equations with respect to the
unknowns «, 8, ¥, A, P,Q,R, ap, a;, b, ¢;,di (i=1,...,n).

Step 3. Solving these equations by use of Mathematica, we will obtain the explicit expressions for ag, a;, b;, ¢;, d; (i =
1, ..., n)and &. Finally, substituting these results into Eq. (2.16) and using special solutions of Eq. (2.1) gives the general
form of the travelling wave solutions.

3. Weierstrass elliptic function solutions of (1.1)

Now let us apply the method of Section 2 to Eq. (1.1). From balancing we get that n = 2, so the solution of the NLODE
(1.1) is of the form
by b, , , diw'(§) | dow'(§)

+ — = +awé) +qw@EwE) + ,

w@ w2 wE | wE)
where ao, a;, b;, ¢;, d; (i = 1, 2) are constants to be determined, w (&) satisfies ODE (2.1). Substituting (3.1) into (1.1) along
with (2.1) and collecting the coefficients of the w"w’ (i = 0, 1;j = 0, 1, 2, 3, ...) we have a set of algebraic equations which
are solved to get the following cases:

u=ap+aw) + awE) + (3.1)

Case 1.
—6R
=@ =b=c=0=d =d, =0, szT,
2 2 2 (3.2)
—h—4Q  ,_ —m’+16Q
Gy = ————, ==
0 2h, 48R
Case 2.
—6P
Gi=bi=b=c=c=d =d, =0, (12=T,
2 2 2 (3.3)
—h; —4Q —hy? 4 16Q
Gp= - "= p=_1 T2

2h, 48R
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Case 3.
—6P
ag=b=c=0=d =d,=0, azZT,
2
—h; —4Q hi? — 16Q?
ap = , =
0 2h, 192R
Case 4.
—3R
n=a=b=c=c0=d =0, b2=T,
2
3\/§ _hl - Q h]z — Q2
db=—y, ap = ,  P=
h; 2h, 12R
Case 5.
—3p
am=bi=by=c=d =d, =0, aZZTa
2
3P —h;—Q h? — Q2
€1 = ) ap = ) P =
hy 2hy 12R
Case 6.
—3p —3R 3P
= b = = d = O’ = -, b = —, = N
ap 1 G 1 ap I 2 I C1 I
3R —h; — 6+/Pv/R o
d2: [5 ap = ! Q+ ff, Q:—30\/I;\/k+ h12+768PR
h, 2h,
Therefore, we get the following solutions of (3.1):
—hy — 4Q 6R
u = - s
2h; haw?(§)
b — —hy —4Q  (—hi* 4+ 16Q%) w?(§)
27T on 8Rh, ’
—h; —4Q 6R (hi* — 16Q2) w?(§)
Uus = — — ,
’ 2h, hyw?(€) 32Rh,
—hy —Q 3R 3VRwW (£)
Uyg = - )
NPT haw?(§) | hyu?(§)
2_p2
“h-Q (W -Q)w®) V3Y W)
Us = — )
> 2h, 4Rh, 2h,
" —hy + 36+/Pv/R — v/hi? + 768PR 3R 3Pw2(€)  3vPw'(§)  3vRw'(§)
° 2h, hyw?(§) hy h, hyw?(§)

where w(§) is one of w{(§), wy(§), ..., we(§), which are given in Egs. (2.4)-(2.13).

4. Weierstrass elliptic function solutions of (1.2)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

We seek the solutions of Eq. (1.2) in the new and more general form by applying the previous method. From balancing

we get that n = 1; then the solutions become

u=ao+aw) +bw (€ +cw' ) + diw' @w(§),

(4.1)

where ag, a4, by, c; and d; are constants to be determined. According to the above mentioned steps in Section 2, the following

solutions are found for (1.2):

" V2/Pw(§)
1— ’7—1(3 )
o YO ok
T ew®) 2’

Q = _k1s

(4.2)

(4.3)
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Fig. 1. The surfaces show the solution u; of Eq.(1.1)ath; = —1, hy = 3with(A) w(¢) = w1(¢),(B) w(¢) = w7 (¢), (C)w(¢) = w3(¢), (D) w(Z) = wa(2),
(BE)w(g) = ws(), (Flw(¢) = we(%).

= , = 6vPvVR — ki, 44
”3 Vw(®) ¢ : @
V2R
SR S S — 45
M hwe T -
_ —VR—JPuk(E) — w'() =
Us = _2k3w(§‘) s Q = —6+PR+ 2’(], (46)

where w (&) is one of w{(§), wy(§), ..., we(§), which are given in Eqgs. (2.4)-(2.13).

For different forms of the functions w(&), we plot the solution u; of Egs. (1.1) and (1.2) as an example to show the
behaviors of its solutions (Figs. 1 and 2).

5. Exact solutions for some class of NLPDEs

In this section, by using the results obtained in the preceding sections, we will construct the corresponding solutions
of the KdV equation, (3 + 1)-dimensional KP equation, (2 4+ 1)-dimensional Boussinesq equation, modified KdV equation,
(2 4+ 1)-dimensional modified KP equation, nonlinear wave equation, GDS equations, DS equations, and GZ equations.

5.1. KdV equation

Let us consider the KdV equation [25]
U = Uxxx + 6ULY, (5.1)
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Fig.2. The surfaces show the solution u; of Eq.(1.2)atk; = 1, k3 = =2 with(A) w(¢) = w1(¢),(B) w(Z) = w2(¢), (CQ)w(¢) = w3(¢), (D) w(¢) = wa(¢),
(E)w(¢) = ws(5), (F)w(¢) = we(¢).

We make the following formal travelling wave transformation:

ux,t) =u(§), §=px—At, (5.2)
where 8, X are constants to be determined. Substituting (5.2) into (5.1) gives
” A 3
u(§) + hu(€) + ha’(§) =0, hy = ViR hy = 7 (5.3)

Eq. (5.3) coincides with Eq. (1.1). Then the solutions of (5.1) are given by Egs. (3.8)-(3.13).
5.2. (3 + 1)-dimensional KP equation

Let us now consider the (3 4+ 1)-dimensional KP equation [26]
Uy + 6u§ + BUllyy — Uyxxx — Uyy — Uz = 0. (5.4)
We make the following formal travelling wave transformation:
ux,y,z,t) =u(§), §&=ox+py+yz—Aat, (5.5)

where «, 8, v, A are constants to be determined. Substituting (5.5) into (5.4) gives

(B HyPtan)
=Ly ren

-3

u' (&) + hu€) + hou’(§) =0, hy h, =

where u(€) is given in Egs. (3.8)-(3.13).

(5.6)

o a?’
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5.3. (2 + 1)-dimensional Boussinesq equation

Let us consider a (2 + 1)-dimensional generalization of the Boussinesq equation [27]:

Ut — Uxx — Uyy — (uz)xx — Uxxxx = 0. (5.7)
We make the following formal travelling wave transformation:
ux,y,z,t) =u@§), &=oax+py—Aat, (5.8)
where «, 8, A are constants to be determined. Substituting (5.8) into (5.7) gives
aZ + 2 _ )\2 1
W' (E) + hu(E) + ho?(§) =0, hy = (574), he =2 (5:9)

It is easy to see that Eq. (5.9) coincides with Eq. (1.1). Then solutions of Eq. (5.7) are defined in (3.8)-(3.13).

5.4. Modified KdV equation

Let us consider the modified KdV equation [25]

Up = Uyyy — 6UL. (5.10)

We make the following formal travelling wave transformation:

u(X, t) :u(éz)’ E :,BX_)"ta (5]])
where 8, A are constants to be determined. Substituting (5.11) into (5.10) gives
U'(E) + ku@E) + ks’ (€) =0, ky = A =22 (5.12)
1 3 =0, kK= B 3= B .

which has solutions (4.2)-(4.6).
The KdV and mKdV forms are related via Miura transformation so the classes of solutions of the two equations are linked.
So the new class of solutions derived here in (4.2)-(4.6) are linked via Miura transformation.

5.5. (2 + 1)-dimensional modified KP equation

Similarly, for the (2 4+ 1)-dimensional modified KP equation [28]

(u + 3(¥u2ux + Uxxx)x + Uyy = 0, (5.13)
take
u, t)y =u§), &§=pBx+yy—Aat, (5.14)
where 8, y, A are constants to be determined. Substituting (5.14) into (5.13) gives
2 _ Bx o
u'(E) + ku() + kst () =0, k= %» = (5.15)

Eq. (5.15) coincides with Eq. (1.2), where u(§) is given by relations (4.2)-(4.6).
5.6. A nonlinear wave equation

Consider the nonlinear wave equation [29]

Uy + oty + fu + yu® =0, (5.16)

where «, 8 and y are constants. This equation contains some particularly important equations such as the Duffing, Klein-
Gordon and Landau-Ginzburg-Higgs equations. We assume that Eq. (5.16) has an exact solution in the form

ux,t) =u), &=px—wt. (5.17)
Substituting Eq. (5.17) into Eq. (5.16), we have

u'(€) + ki) + ks’ () =0, ki =

, K3 = ) 5.18
w2 +ap2 w2+ap2 ( )

which has solutions (4.2)-(4.6).
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5.7. GDS, DS and GZ equations

We consider a class of NLPDEs with constant coefficients [30]
iur + (U + Dittyy) + Eq|ulu + Cyun = 0, (5.19)

Do + (Mex — Exnyy) + Go([ul*)x = 0, (5.20)

where u, D;, E;, G; (i = 1, 2) are real constants and u # 0,D; # 0,C; # 0, G, # 0. Egs. (5.19) and (5.20) are a class of
physically important equations. In fact, if one takes

1
/L:EKZ, Di=2u, E=a  CG=-1,

(5.21)

D,=0, E=D;, G=-2a K =21,
then Egs. (5.19) and (5.20) represent the Davey-Stewartson (DS) equations [31]

; 1.2 2 2

iu + EK (uxx + K“uyy) + ajul*u —un =0, (5.22)

e — K21y, — 2a(|uf?) = 0. (5.23)
Also, if one takes

gz_zn(—x’lf), Ezl‘i’Ol:ly _Czo’z —Ml,_ 1&1 ZD]Z,_ O h= (5:24)
then Egs. (5.19) and (5.20) become the generalized Zakharov (GZ) equations [32]

ity + U — 22 ul?u + 2un = 0, (5.25)

Nee — N + (Ju*)ex = 0. (5.26)
Since u is a complex function, we assume that

u(x,y, t) = )@ n(x,y,t) =n(), £=px+qy—rt, (5.27)

where both ¢ (£) and n(£) are real functions, k, [, p, g, §2 and r are constants to be determined later. Substituting Eq. (5.27)
into Eqgs. (5.19) and (5.20), we have the following ODE for ¢(¢) and n(§):

w(@® +D1g*)@" () + [2 — u(k* + D1P)1P(E) + E¢° ()

+il—r +2u(kp + Dil1'(§) + Cip(E)n(§) =0, (5.28)

(Dar? +p? — Exq*)n"(€) + Gop*($°(£))" = 0. (5.29)
If we set

r = 2u(kp + D1lq), (5.30)
then (5.28) and (5.29) reduce to

w(p* 4+ D1g*)¢" (§) + [2 — n(k? + D)1 (&) + E1¢*(€) + C19p(E)n(€) =0, (5.31)

(Dar? +p* — E2q*)n" () + Gop* (¢7(£))" = 0. (532)
Integrating (5.32) once, we get

(Dar® +p* — E2g)n'(§) + Gop* (97 (6)) =€, (5.33)
where C is an integration constant; then we take ¢ = 0 and integrating the formula once again, we have

C Gp?
n) = - B 5. (5.34)

Dor? +p* —Exq*>  Dor* 4 p? — Ex¢?
Substituting (5.34) into (5.31) yields

9" (&) + kip(€) + ks (€) = 0, (5.35)

where kq, k3 are defined by

_B _D 2 2 2, .2 2
3 =1 k3_A’ A= u(® + D1q")(Dor” +p° — E2q°),

B =[CiC — (Dor* 4+ p* — E2¢*) (2 — u(k* + D1 )],
D = [E1(Dor* + p* — E2¢%) — G1Gop?].

(5.36)
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Then the solutions of Egs. (5.19) and (5.20) are

u(x, y, t) = p(&)e' P20,
nx,y,t) = ¢ Gop’
= Dyr? +p? —Exq>  Dar?+p?—E
r = 2u(kp + Dqlq).
The expressions for ¢»(§) appearing in these solutions are given in Section 4, k, k3 are given by (5.36)and £ = px+qy—rt.
Then the solutions of DS equations (5.22) and (5.23) for the case

e % (&), (5.37)

r = K*(kp + K%lg), (5.38)
are
2ap?
n p
p2 _ K2q2 p2 _ KZ
where ¢ (§) satisfies

n(x,y, t) = = P*(E),  ukxy,t) = pE)e T, (5.39)

¢" () + kip(€) + ksp* (&) = 0, (5.40)
and kq, k3 are defined as follows:
B D 1
k=2 l=o A= 51<2<p2 + K¢ (0* — K¢,
B =2C + (p? — K2q%) (=292 + K2(k + KI2)), (541)

D= —a(p® +K*¢%), K*=+1.

The expressions for ¢(£) appearing in these solutions are given in Section 4 Egs. (4.2)-(4.6), k1, k3 are given by (5.41) and
& = px + qy — rt. Finally, the solutions of the GZ equations (5.25) and (5.26) for the case

r = 2kp, (5.42)

are
C pZ i(kx—
nx 0 = 35—+ 5597, ux 1) =¢gEe e, (5:43)
pe—r ps—r

where ¢ (£) satisfies

¢"(&) + kip(§) + ks> (§) =0, (5.44)
and kq, k3 are defined as follows:

B D
kq = k3=;7 A=p(p® -1,
B=2C — (p2 _ rZ)(Q _ kZ)7 (5.45)

D =2(p*> — A(p* — ).

The expressions for ¢ (£) appearing in these solutions are given in Section 4 Eqs. (4.2)-(4.6), kq, k3 are given by (5.45) and
E=px—rt.
Some basic properties of the limited behavior of class of solutions can be realized from Figs. 3a and 3b.

Remark 1. It is easy to see that the ansatz solution (2.16) is more general than the ansatz (3) constructed by Huber in [22],
so it can be used to obtain more general solutions in terms of Weierstrass elliptic function g (&; g», g3). With the aid of
Mathematica, we have verified all the solutions obtained in this paper by putting them back into the original NLPDEs (the KdV
equation, the (3 + 1)-dimensional KP equation, the (2 4+ 1)-dimensional Boussinesq equation, the modified KdV equation,
the (2 + 1)-dimensional modified KP equation, the nonlinear wave equation, the generalized Davey-Stewartson (GDS)
equations, the Davey-Stewartson (DS) equations, the generalized Zakharov (GZ) equations).

Remark 2. The algorithm mentioned above succeeds with any NLPDEs reduced by travelling wave transformation to ODEs
of types (1.1) or (1.2). The NLPDEs which cannot transform to Eq. (1.1) or (1.2) may be need some restriction to ensure the
success of this algorithm.

For example the generalized Kuramoto-Sivashinsky equation [33]

Ot + PVdxxxx + bxxx + Wpxx + PPy = 0,

with real parameters b, « and v # 0, has Weierstrass solutions if we put b> — 16.v = 0.
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Fig. 3a. The surface shows the real part of solutions (5.43) with ¢(¢) = u;, w = wy,p=1,r=-2,2 = —-1A=2/3,k; = 1, ks = -2,P =1,Q =
—1,R=1,k=—-1,A=—-3,B=-3,D=6,C =3/2.

Fig. 3b. The surface shows the real part of solutions (5.43) with ¢(¢) = uj,w = wo,p=1,r=-2,2=—-1,A=2/3,k; =1,k3=-2,P=1,Q =
-1,R=1,k=-1,A=-3,B=-3,D=6,C =3/2.

6. Conclusion

In this paper, we have proposed a generalized Weierstrass elliptic function expansion method for constructing more
general exact solutions of NLPDEs. The advantage of the method is that it can be used to obtain more general exact solutions
which cannot be obtained by the known Weierstrass elliptic function expansion methods (see, for example, Refs. [22,34]).
We have also studied the behavior of some special solutions by plotting their figures.
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